Basics of generalised geometry
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ABSTRACT: In these lectures we look at some basics of generalised geometry. We start with a brief
recollection of some standard notions from differential geometry, and some examples of geometric
structures. We then arrive at (examples of) Lie and Courant algebroids by looking at symmetries
of diffeomorphism-invariant theories — Einstein—Yang—Mills and the universal sector of stringy
supergravity, respectively. After that we dive shortly into some elementary theory of Courant
algebroids and Dirac structures and show how they give a unified viewpoint of Poisson, symplectic,
and complex geometry. We finish with application to string theory, namely to its low-energy
dynamics and dualities.
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1 Preliminaries

(Be warned that this is a work still under construction, and there are potentially mistakes/errors.
Feel free to let me know if you find any of them. The plan is to turn this into a more readable set

of lecture notes.)

Differential forms

(¢]

(¢]

notation: QF(M)
wedge product (exterior product): a A B = (—1)*?B A«
(QP, A) is a graded commutative algebra

an R-linear operator D on QP (M) is called a derivation of degree n if

DQP c QP D(aAB) = (Da)A B+ (—1)"4 A Df

deg D :=n ~» Koszul sign rule, Der,, := the space of derivations of degree n

D € Der,, D' € Der,y = [D,D']:= DD’ — (~1)" D'D € Deryyns

(Der, is a graded Lie algebra)
Lie derivative Lx € Derg (for X e T'(T'M)), i.e. Lx(aNB)=(Lxa) ANS+anLxf
exterior derivative d € Dery, i.e. d(a A B) = (da) A B+ (—=1)%&>a A dB
interior product ix € Der_y, i.e. ix(aAB) = (ixa) A B+ (=1)48a Aixf
[Lx,Ly] =LxLy —LyLx = Lix v,
[Lx,iv] = Lxiy —ivLx = ix,v]«
[[d,’iX]] =dix +ixd=Lx
[d,d] =2d* =0
[[ix,iy]] =ixty +iyix =0
[[Lx,d]] = Lxd— dLX =0



Symplectic and Poisson geometry

o

o

symplectic structure on M is w € Q2(M) such that dw = 0 and w is nondegenerate
nondegeneracy means w”: TM — T*M is an isomorphism (wyj is an invertible matrix)
inverting w” (or w;;) we obtain an antisymmetric tensor m € T2(M) (bivector)

define the Poisson bracket of functions on M by {f, g} := n(df,dg)

dw =0 = Jacobifor { -, -}

Poisson structure on M is a bivector field m whose induced Poisson bracket satisfies Jacobi
symplectic = Poisson, but not the other way round (e.g. m = 0 is a Poisson structure)

for H € C*°(M) we have a vector field Xy :=n(dH, -)

XHf = <7T(dH, : )7df> :W(dH7df) = {Haf}

M serves as a phase space, X gives the time evolution of the system

time evolution of observables f € C*°(M) is given by f=Xuf= {H, [}

i of 9 of 99 i .
example: M = R*", w =dp; Ndq' ~ {f,9} = gL 5% — §L 52, ' = §lL, py = — 3L

example: M = S?, w = volume form

Complex structure

o

(e]

complex manifold = charts valued in C”, holomorphic transition functions

coordinates z* give rise to real coordinates z# = x* + iy#

define tensor J € T} (M) by J52: = %7 J% =-2 - JP=-1
almost complex structure is a tensor J € T} (M) such that J? = —1

a.c.s. is called integrable (or simply complex structure) if it corresponds to a complex manifold
Nijenhuis tensor Ny € T3(M), N;(X,Y) = [ X, Y]+ J([JX,Y] + [X,JY]) — [JX, JY]
(Newlander—Nirenberg theorem) Almost complex structure is integrable iff N; = 0.

Exercise: given an a.c.s., take L C TM ® C to be the —1-eigenbundle of J; show that N; =0
iff [[(L), D(L)]xsc € D(L)

2 Algebroids

Symmetries of the Einstein—Yang—Mills theory

o

S(g,A):/ Rvoly+ F N xF g metric, A € Q'(M)
M
abelian case: symmetries generated by X € I'(TM), A € Q°(M)

5(X))\)g=LXg, 5(X7,\)A=,CxA+d)\



calculating the algebra of symmetries d(x x)0(x’ x) — d(x’,a)0(x 1), looking at A:

AL Ao At dN) E (At (L A+ dN)) + e(Lx (A + e(Lxr A+ dN)) + dN)
= A+ e(LxA+LxA+dr+dN) +E(LxLx A+ LxdXN)
(0x)0(xr ) — 0xrandx o)A =LxLxA—Lx LxA+dLx N —dLx: A
= Lix,x: A+ d(Lx N = Lx/A) = 0(x, x5 exv—£ o0 A
non-abelian case: [(X,\), (X', X)] = ([X, X ]x, Lx N — Lx A — [\, N]g)
properties: antisymmetric, Jacobi ~» Lie bracket
Jacobi & [u, [u/, u"]] + [o/, [u”, u]] + [, [u,v]] = 0 & [u, [/, u"]] = [[u, o], "] + [/, [u, u"]]
define vector bundle E as a direct sum of TM and the trivial bundle M x g =: ad

E:=TM®ad, T(E)>(X,\)

sections of E correspond to (X, \); hence I'(E) is a Lie algebra
X4+ MNX + XN =X, XTx+LxN = Lx A=\ N]g
if f € C>°(M) then
[(X+X X+ X)) = Lx (fX)+HLx (fN) = fLx A= fA Vg = fIX+X XN +(Xf)(X+X)
if define the vector bundle map (anchor) p: E — TM, p(X + ) = X, then
[u, fu'le = flu,u']e + (p(W) v’ Vu,u’ €T(E)

a Lie algebroid is a vector bundle F — M, with a Lie bracket [ -, - |z on I'(E) and a vector
bundle map p: E — TM satisfying the last equation
example: E=TM @ ad

—ifg=0then TM, [, -]z, p=id

— if M =ptthen E=g, [, -]|q, p =0 (Lie algebroid over a point is a Lie algebra)

String theory low energy effective action (universal sector)

S(g, B, ) = / e *?(Rvoly +4dp A xdp — 3 dB N *dB) g metric, B € Q*(M), p € C>*(M)

(¢]

(¢]

[¢]

[¢]

M

analogue of the previous abelian theory, with connection replaced by a “higher connection”

symmetries generated by X € ['(T'M), a € Q' (M)
dx,9 =Lx9, d(x,0)B=LxB +da, dx,a)p=Lxp
as before, (d(x,0)0(x7,a) = 0(x7,a")0(x,a)) B = Lx,x/1. B+ d(Lxa’ — Lx )
define vector bundle E := TM @& T*M, sections of E correspond to (X,a) =X + «

produces bracket [X + o, X' + o/]p = [X, X']x + Lxo' — Lx«



o

o

o

o

o

o

antisymmetric, but not Jacobi! solution: we can just as well write

(O(x,)0(x7,01) = 0(x7,01)0(x,0)) B = L(x x1)s B+ d(Lxa’ = Lxra+d(...)),

with ... an expression linear in X, o, X', o

choosing - - - = dixa, we get the bracket ’ X+, X +dp=[X,X"]x +Lxa' — iX/da‘
not antisymmetric, but satisfies Jacobi [u, [/, v"|glE = [[u, ¥']&, v"]E + [¢, [u, v"]E]E
again, defining p: E — TM, p(X + a) = X, we get [u, fu']|g = flu,v']|g + (p(u) f)u

TM & T*M carries more structure, can define natural inner product

(X +a, X' +d) =a(X') +d(X)

this is “preserved” by the bracket, since (setting u =X 4+ o, ' = X'+ o/, v = X" + ")

(lu g, u") + (W, [u, v g) = (X, X']x + Lxa’ —ixda, X" + ") + '
= ’iX//LXa/ —ixnixrdo + i[X,X/]xO‘” + iX/LXaII —ixrixrdo + Z'[X7X//]xal
= (i[X,X’]xO‘// + z'X/LXo//) + (iXuLXo/ + i[X7X//]th/) — (iX/iX// + iX//iX/)dOL
=Lxixa + Lxixrnd = X(ix " +ixna') = plu){u,u")
the symmetric part of the bracket is [u,u'|g + [/, u]lp = d(ix o +ixa) = d{u,u’)

a Courant algebroid is a vector bundle E — M, with an (R-bilinear) bracket [ - , - |g
on I'(E), a vector bundle map p: E — TM, and a fibrewise inner product ( -, - ) (not
necessarily positive-definite) such that

[U, fu/]E - f[u, u/]E + (p(u)f)u/, [’LL, [u/7u/qE]E = Hu7u/]E7u//]E + [u/7 [’LL, UH]E]E,

p(u)(u/, u/l> = <[u)ul]E’uN> + <U',7 [uvu”]E>7 [u>ul]E + [ulvu]E = p*d<u,u'>
note that in the last formula we have used p*: T*M — E* = E (the last equality using the

inner product), which in the above example coincides with the usual T*M — TM & T*M

Linear algebra intermezzo

let V' be a vector space with an inner product (-, -) of signature (n,n)

for a linear subspace W C V define W+ := {x € V| (z,W) = 0} (note that (W)L =W)
a linear subspace W C V is called isotropic if W C W, ie. (W,W)=0 (= dimW < n)
a linear subspace W C V is called Lagrangian if W = Wt (= dim W = n)

a linear subspace W C V is called coisotropic if W > W+ (= dim W > n)

if W,W’ are Lagrangian and W N W' = 0, then the map W' — W* z — (z, - )|w is an
isomorphism

Lagrangian = both isotropic & coisotropic



4 Courant algebroids

o examples:

— TM @ T*M as above (generalised tangent bundle)
— if M = pt then E = Lie algebra with invariant inner product

o using the first two axioms (and suppresing the subscript E) we get

0= [u, [u', fu"]] = [[u, '], fu"] = [, [u, fu"]]
= [u, flu', u”"] + (p() "] = (u ') = fllu, u'], "] = (p([u, w']) f)u”
= [flu, [uCU”HﬂL( () ), u"] + (p(w) [, u”] + (p(w)p(w) flu” — (u > )
= fllw w'}, ") = (p([w, ') Fu" = f((u, (', ")) = [[u, o], u"] = [, [u, u"]])
+ (pu)p(w) = p(u')p(u) = p([u, w']) flu” = ([p(u), p(u)]z = p([u, u']) "

and so the anchor, seen as a map I'(E) — T'(T M), is a homomorphism of algebras, i.e.
[o(w), p(u')]x = p([u, v] )
o applying this to the last axiom, and using the antisymmetry of [ -, - ]x, we get
pp d{u,u’y =0

since any function can be (locally) written as (u,u’), for some u,u’, we have pp*df = 0 for
any function; writing any 1-form « in coordinates

ppa = pp*(a;(z)da’) = o' (z)pp*dz’ =0,
since p and p* are vector bundle maps, and so we can conclude that
pop =0

o this condition is equivalent to the fact that ker p is coisotropic (at every point on M)

o it is also equivalent to the following: consider the following sequence of (vector bundle) maps
0= T"ML B2 TM -0

with the first and last map trivial; then composing any two subsequent maps/arrows gives
zero, i.e. this is a chain complex

Exact Courant algebroids

o we say that a Courant algebroid is exact if this sequence of maps is exact, i.e. each time we
encounter
K A

we require that im x = ker A

o this translates to the conditions 0 = ker p*, im p* = kerp, and imp = T'M, respectively;
equivalently, p* is injective, im p* = ker p, and p is surjective

however, the first condition follows from the last one and hence can be dropped



similarly, since for any Courant algebroid we have im p* C ker p, the equality im p* = ker p is
equivalent to the fact that the dimensions match:! rk(im p*) = rk(ker p)

assuming surjectivity of p (and hence injectivity of p*), we have
rk(im p*) = tk(T*M) = dim M, rk(kerp) = 1k(E) — rk(TM) = rk(F) — dim M
and so a Courant algebroid is exact iff p is surjective and rk(E) = 2dim M
in particular, for any exact Courant algebroid the subbundle ker p is Lagrangian
o example: the generalised tangent bundle is an exact Courant algebroid

o fact: for any exact Courant algebroid one can choose a global Lagrangian splitting of the
exact sequence, i.e. there exists a vector bundle map 7: TM — E such that por = id and the
image of 7 is Lagrangian (to prove this one uses the partition of unity, and some extra stuff)

o choosing such a map 7, we get a vector bundle map

O:TMeT*M — E, X+ta—=7X)+p'a

this is injective: if we have u = X + a such that 0 = ®(u) = 7(X) + p*«, then applying p we
in particular get 0 = p(7(X)) = X; we thus have 0 = ®(u) = p*«a, which by injectivity of p*
implies o = 0

since the ranks of the bundles coincide, we get that ® is in fact an isomorphism

let us therefore use ® to identify E with TM & T*M and let us check what induced structure
(-, Yo, po,and [+, -] we get on TM & T*M; first,

(X+a, X'+ =X +a),X +a))g = (7(X)+p*a,7(X') + p*a/)
since im 7 and im p* = ker p are both Lagrangian, this simplifies to
(X +a, X +a")e = (p"a, 7(X")) + (p"a/, 7(X)) = (a, pr(X)) + (o, p7(X)) = a(X") + /(X))
by construction, we have pe(X + a) = p(®(X + a)) = X; for the bracket, first note that
[pa (1), po(u)]x = pa([u, v']e) implies [X, X'|x = pa([X + a, X' + d']s), i.e.
(X +a, X"+ a'le = [X, X']x + (some 1-form expression)
in particular
(X, X'le = [X, X'le + 2(X, X'), E:T(TM)xT(TM) = T(T*M)

using the fourth axiom for u = X, u = X’ we see that Z(X, X’) = —E(X’, X); the third
axiom gives

0=Z2(X,X")(X")+E(X, X")(X")
which implies that (X, X')(X") is completely antisymmetric in all three arguments; more-
over, since it is C*°(M)-linear in the third argument, it has to be C'°°(M)-linear in all three,
and so we get that Z(X, X')(X"”) = H(X, X', X") for some 3-form H; we can also obtain
other useful formulas using the third axiom for various u,u’, u":

u=X,u =X v =a ~ Lx(aX)=allxX")+ (X" [X,ds)e = [X,a]e =Lxa,

Lthe dimension of the fibres is called the rank of the vector bundle (denoted here by rk)



the last axiom implies
[, X]o = —[X,a]e + d{a, X)p = —Lxa+dixa = —ixda
putting things together we have
X +a, X +do=[X,Xx+Lxd —ixda+H(X, X', )

note that in terms of 7 we have H(X, X', X") = ([7(X), 7(X")], 7(X""))
using Jacobi for three vectors, we have

0=[X,[X", X"]o]o — [[X, X']e, X"]o — [X', [X, X"]o]o
=[X,[X", X")x +ixvix Hle — (X < X') = [[X, X|x +ixixH, X"]s
= [X, [X', X"]x]x +ijx/ xv)ixH + Lxixrix H
— (X [X, X |x]x —ipxoxoixe H — Lxrixmix H
XX X" — iy oy H o+ i H
= (ixr xmix + Lxixrix —ipx xmix — Lxrixnix —ixmipx x, +ixrdixiix)H
= (ixnLxrix +ixrLxix — (ixnLxix: —ixrixLx) +ixndixrix)H
=ixn(Lxrix +ixLx +dixix)H =ixn(ix:dix +ixLx)H =ixnixrixdH
and so H is closed; it is straightforward to check that, assuming dH = 0, all the Courant

algebroid axioms are satisfied (there is also a more sneaky argument, see below); to summarise,
our starting exact Courant algebroid can be recast in the following form:

TM&T*M, pe(X+a)=0, (X+ao,X +a)e=0aX)+d(X),
X4+ a, X + e = [X,X'|x + Lxd —ixda+ H(X,X',-) (HeQ3M),dH =0)

recall now that all this depended on a choice of 7, which led to a specific ®; what happens
when we take a different Lagrangian splitting 7/? note that the only thing that can change is
the 3-form H entering the bracket

in order to proceed, let us look at the algebroid E = TM & T*M, ps, { -, - o, [+, * |o
and omit the subscript ®; note that in this form we have a natural Lagrangian splitting
TM — TM @& T*M of the exact sequence; suppose we take instead a general Lagrangian
splitting 7/; then

T7X)=X+ANX)eTMaT*M,

where A\: TM — T*M is a bundle map; isotropy implies that
0= (X +AX), X"+ X)) = A(X)(X) + A(X')(X)

and so we have \(X)(X') = B(X,X’) for some B € Q*(M) (conversely, any B gives a
Lagrangian splitting); the 3-form H corresponding to this splitting is then calculated to be
H(X, X', X" = (7"(X), 7 (X")],7"(X")) = (X +ixB, X' +ixB], X" +ix»B)
= i[X,X’]xiX”B + iX//(inX/B —ix:dix B+ iX/ixH)

changing the splitting thus leads to a shift of H by dB; we have thus proved the following
remarkable result



o Theorem (Severa): Exact Courant algebroids over a given M are classified by H*(M). Choos-
ing a specific Lagrangian splitting 7 of the exact sequence, we obtain a concrete three-form
representative given by H (X, X', X") = ([7(X), 7(X")], 7(X")), and we can write the Courant
algebroid structure as

TM&TM, p(X+a)=0, (X+aoa X +d)=aX)+d(X),
[X + OZ,X/ + O/]E = [XvX/]x + LXO/ - Z.X’dOé + H(XvX/7 : )
(we will call the special case with H = 0 the standard Courant algebroid)

Dirac structures

o a subbundle L C FE of a Courant algebroid is called a Dirac structure if it is Lagrangian (at
every point) and involutive, i.e.

[C(E), D(E)p C T(E)

o if L is a Dirac structure in the standard Courant algebroid satisfying L N T*M = 0 then
L =graphw ={X +w(X, - )| X € TM},

for some tensor w € T(M); as we saw above, the Lagrangianity conditions says that w is
antisymmetric; the involutivity means that for every X and X’ there exists X" such that

(X +ixw, X' +ixywlp=X"+ixrw
this fixes X” = [X, X']x, and the condition then becomes
Lxixw—ixdixw= U[X, X2 W
putting everything to one side, we get
0= (Lxix: —ixedix —ipx x, )Jw = (ix:Lx —ixodix)w = ixrixdw

and so we see that Dirac structures in a standard Courant algebroid, which are transverse to
T*M, correspond to closed 2-forms; this provides a link with symplectic geometry (though
note that we do not get here that w is nondegenerate)

o similarly, if L is a Dirac structure in the standard Courant algebroid satisfying LNTM = 0
then it is given by a graph of a bivector field 7; the involutivity is equivalent to 7w being a
Poisson structure

Generalised complex structures

o starting from a Courant algebroid £ — M, we can complexify the fibers to get a smooth
complex vector bundle E® — M: the bracket and the inner product naturally extend to C-
bilinear structures on this bundle; in particular we can again define a Dirac structure on EC,
which we then call a complex Dirac structure; note also that we can use complex conjugation
on EC

o a generalised complex structure is a complex Dirac structure L € E® such that LN L =0
o a symplectic structure defines a generalised complex structure L := graph(iw)

o a complex structure defines a generalised complex structure L := T1O A g T7+(0.1) pp



Generalised metrics

o we will specialise here to the Riemannian (i.e. positive-definite) setup; it is however not difficult
to adjust the definitions to accommodate the Lorentzian (or orther) cases as well

o a generalised metric on a Courant algebroid is a subbundle V; C FE which is maximally
positive definite, i.e. the following two conditions hold

— the inner product restricted to V. is positive definite

— the inner product restricted to the orthogonal complement of V., denoted V_, is negative
definite

o let Vi be a generalised metric on an exact Courant algebroid; fix a Lagrangian splitting
7: TM — F; this gives an identification ¥ =2 TM @& T*M and a particular 3-form H; note
that V, NT*M = 0 since every vector in T*M has zero norm, while every non-zero vector in
V4 has non-zero norm; thus we can write

Vi =graph(e) ={X +e(X, - )| X e TM}
for some e € T9(M); decompose now e into a symmetric and antisymmetric part
e=g+b

since (X +e(X, - ), X +e(X', - )) =e(X, X))+ e(X', X) = 29(X, X’), the metric on V
coincides (up to a multiple) with g, the latter is a Riemannian metric on M; note that we
have produced three tensors: g,b, H

now choosing a different Lagrangian splitting 7’ leads to a different triplet; from the previous
discussion we know that H gets replaced by H+dB, for some B € Q?(M); to see how e = g+b
changes, we need to decompose elements in V, C TM & T*M into T*M and

im(7') = graph(B) = {X + B(X, - ) | X e TM}
this is readily done, as
Vi={X+eX, )| XeTM}={(X+B(X, )+ (e(X, )= B(X, ")) | X e TM}
and so we see that e gets replaced by e — B, i.e.
g~ g, b~b—B

so it is only the metric g and the combination H := H + db that is independent of the choice
of splitting; we thus have a one-to-one correspondence

generalised metric on an exact Courant algebroid <> Riemannian metric & closed 3-form

an equivalent way to look at things is to note that there exists a unique isotropic splitting
such that V. becomes the graph of a symmetric tensor (i.e. it has b = 0)



	Preliminaries
	Algebroids
	Linear algebra intermezzo
	Courant algebroids

